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. Let 21,2 € [0,00) such that f(x1) = f(z2). Then,

fay) = flr2)
2 = il

($1—I2)(9§1+5€2) = O

We have 1 — x2 = 0 or 1 + &2 = 0. For the first case, clearly we have x; = x5; for the second
case, since x1,x2 > 0, it can only be z;1 = x5 = 0. In both cases, we have z1 = x5, and so f is
injective.

If we take y = —1 € R, there exists no x € [0,00) such that f(z) = 2 = —1 = y. Therefore, f is

not surjective.

. Let @1, 29 € A such that (go f)(z1) = (go f)(z2), i.e. g(f(x1)) = g(f(x2)).

Since g is injective, f(z1) = f(z2). Then, since f is injective, 1 = xa.
Therefore g o f is injective.

Let y € C. Since g is surjective, there exists w € B such that g(w) = y.
Also, since f is surjective, there exists € A such that f(z) = w.

Then, we have (g o f)(z) = g(f(z)) = g(w) =y and so g o f is surjective.

Let y e R. Take a = —(1 +|y|) and b =1+ |yl

Note that b = 14 3|y| +3|y|> + |y|> > 1+ |y| > y and a® = =1 =3Jy| = 3|y|* — |y < -1 —|y| < y.
Therefore, we have a < b and f(a) <y < f(b).

By using the intermediate value theorem, there exists ¢ € (a,b) such that f(c) = y.
2+3=2+2"=(2+2)" = 2+19)" = (2+ D) = (2+0N)")" = (C+0)")")T =
(2F))* = (34)F =4+ =5
(a) Whenm=0,0xm=0x0=0.
Assume that 0 x m = 0 for m € N. Then,

OxmT=0xm+0=04+0=0.

By mathematical induction, we have 0 x m = 0 for all m € N.

(b) Whenm=0,1xm=1x0=0.
Also,mx1=0x1=0x0"=0x0+0=0+0=0.
Therefore, 1 x 0 =0x 1=0.

Assume that 1 x m =m x 1 = m for m € N. Then,

Ixmt=1lxm+l=m+1=m".



(Remark: It should be already known that m +1=m+ 0" = (m +0)* =m™.)
mtx1=m"x0t=m" x0+mT =04+m"
Therefore, 1 x m*™ = m™ x 1 = m*. By mathematical induction, we have 1 xm =m x1=m
for all m € N.
() Whenn=0,m"xn=mTx0=0and mxn+n=mx0+0=0.

Assume that for a particular n € N, we have m* x n =m x n +n for all m € N.

Then, for all m € N,

mtxnt =mtxn+m™ = (mxn+tn)+mT = mxn+(n+m®) = mxn+(m+nt) = (mxnt+m)+nt
(Remark: n+m* = (n+m)" = (m+n)t =m+nt)

By mathematical induction, we have m™ x n = m x n +n for all m,n € N.

(d) When m =0, it is already known that m x 0 =0 x m =0 for all m € N.
Assume that for a particular n € N, we have m x n =n x m for m € N.

Then, for all m € N,

+ +

m' Xn=mXn+n=nxXm+n=nxm

By mathematical induction, we have m x n =n x m for all m,n € N.
(e) When p =0, mx(n+p) = mx(n+0) = mxn = mxn and mxn+mxp = mxn+mx0 = mxn.
Assume that for a particular p € N, we have m x (n +p) = m x n+m x p for all m,n € N.

Then, for all m,n € N,

mxn+p)=mxmt+p)=mxnt +mxp=(mxn+m)+mxp=mxn+(m-+mxp)
=mxn+(mxp+m)=mxn+mxp"
(Remark: n+pt =(n+p)"=@p@+n)T=p+nt =nt +p.)
By mathematical induction, we have m x (n +p) =m x n+m x p for all m,n,p € N.
(f) Whenp=0,(mxn)xp=(mxn)=0and mx (nxp)=mx(nx0)=mx0=0.
Assume that for a particular p € N, we have (m x n) x p=m x (n x p) for all m,n € N.

Then, for all m,n € N,
(mxn)xph=mxn)x(p+1)=mxn)xp+(mxn)xl=mx(nxp)+mxn
=mxnxp+n)=mxnxp+nxl)=mx(nx(@P+1)=mx(nxph)

(Remark: pt = (p+0)t =p+0" =p+1.)

By mathematical induction, we have (m x n) x p=m x (n x p) for all m,n,p € N.
6. Suppose that there exists natural numbers n and m such that n < m < n™, i.e. n < m and
m<nt.
Note that m < n™, so m € nt =n U {n}. Therefore, there are only two possible cases:
Case 1: m € n, then it implies m < n which contradicts to the fact that n < m.
Case 2: m € {n}, then m = n which again contradicts to the fact that n < m.

Therefore, both cases lead contradiction.



7.

(a)

Recall the fact that for any natural numbers m and n,
e m < nT if and only if m < n,
e mT < n if and only if m < n.
(Please refer to theorem 6.6 of The Elementary Set Theory for the statement as well as the
proof.)
Then, we have m < n if and only if m™ < n (second statement),
if and only if m™ < n™ (first statement but replacing m by m™).
When p = 0, it’s trivial. Assume that for a particular p € N, we have m < n if and only if
m+p<n-+pforall m,n € N.
Then, for all m,n € N,

m<n < m+p<n+p (Induction assumption)

& mtpt=m+p+<n+pT=n+p’ (By (a))

By mathematical induction, we have m < n if and only if m + p < n + p for all m,n,p € N.

8. When p = 1, it’s trivial.

Assume that for a particular p € N, we have m < n if and only if mp < np for all m,n € N.

Then, for all m,n € N:

e if m < n, then by induction assumption, we have mp < np and so mpt = mp +m < np +m.

On the other hand, we have m < n,sonp+m=m-+np<n-+np=np+n=np".
Therefore, we have mp™ < np™.

if mp™ < np™, we are going to prove that m < n by contradiction.

Suppose the contrary and we have n < m. Then, mp+m = mp+t < npt =np+n < np-+m.
Therefore by the previous question, we have mp < np which implies m < n whcih is a
contradiction.

(Remark: From the previous question, the contrapositive of the statement in (a) gives m <n
if and only if m* < n™. By using mathematical induction like (b), we have m < n if and only

ifm+p<n+pforalmn,peN.)

Therefore, m < n if and only if m +p*t < n+p™ for all m,n € N. By mathematical induction, we

have m < n if and only if mp < np for all m,n,p € N.



